We discuss several measures of the quality of a molecular orbital. Each requires only that the orbital be associated with a well-defined Fock operator and is thus applicable to both Hartree-Fock and density functional orbitals. One of the measures, the g diagnostic, ranges from g = 0 (perfect) to g = p/2 (poor) and is conceptually simple. We illustrate its usefulness by applying it to a number of small atoms and ions.
Introduction
Some say that quantum chemistry is a branch of applied mathematics and that, by implication, quantum chemists are applied mathematicians. One can certainly mount a strong argument in favor of this. After all, quantum chemistry is primarily concerned with finding approximate solutions to a certain linear second-order partial differential equation and using those solutions to comprehend the chemical behavior of matter. However, if we are indeed applied mathematicians, we break one of the cardinal rules of our order: with few exceptions, we never check how well our ''solutions'' satisfy the equation! How well does a given wave function satisfy the Schrö-dinger equation? At the conclusion of a quantum chemical calculation, any self-respecting software package ought to address this question and provide a quantitative answer that the user can interpret as a quality measure. However, it turns out that this raises a number of interesting mathematical issues, and we have therefore sought initially to address the more modest question: How well does a given orbital satisfy its self consistent field (SCF) equation?
Standard practice in quantum chemistry is to gauge the quality of a molecular orbital by comparing it with the orbital obtained from a calculation with a larger basis set. However, this approach is both expensive and non-rigorous, for it is possible that the larger basis may suffer from the same deficiencies as the smaller one. Moreover, it is aesthetically unsatisfactory to judge an orbital by comparing it with another: it ought to be possible to appraise it purely on its own merits. In this paper, we propose a method for assessing the quality of a finite-basis SCF orbital in this way, without the need to perform a larger-basis calculation.
Although our approach is applicable to any orbital that is associated with a well-defined Fock operator, we will confine our numerical tests here to Hartree-Fock orbitals. The extension to density functional theory (DFT) orbitals is conceptually straightforward but requires consideration of DFT quadrature grids. We use atomic units throughout.
Molecular orbital diagnostics
An exact orbital is an eigenfunction of its Fock operator. 1 However, an orbital j from a perfectly converged finite-basis Hartree-Fock 2-4 or Kohn-Sham 5 calculation is not an eigenfunction of its own Fock operator F, that is,
½1
Fj 6 ¼ 3j unless the basis happens to span the exact orbital. 6 This under-appreciated fact holds the key to our approach because the difference between the two sides of eq. [1] measures the quality of the orbital. There are several ways to exploit this. One approach is based on the local orbital energy
If the orbital were perfect, eðrÞ would be constant everywhere; small imperfections in j will produce small variations in eðrÞ.
A second approach recognizes that the normalized versions of j and Fj should be identical. Accordingly, the discrepancy
should vanish at all points r and, wherever it fails to do so, it reveals deficiencies in the orbital.
A third approach determines the angle
s between j and Fj. Unlike eðrÞ and d(r), which are functions, g is a number between 0 (perfect) and p/2 (poor) and achieves the former value if, and only if, j is an eigenfunction of F.
To calculate numerical values of g, we must choose a suitable inner product hÁjÁi. The overlap metric
is an obvious choice but it yields poor g values if the orbital fails to possess the correct nuclear cusps. This is a particularly serious problem if the orbital is expanded in a nuclearcentered Gaussian basis because, close to a nucleus, any Gaussian is flat and consequently Fj~(-Z/r)j is singular. Because of the widespread popularity of Gaussian basis sets, we prefer an inner product that is less sensitive to such cusp violations. We have found that the Coulomb metric
½6
hf jgi ¼ 
A table of such integrals is given in the Appendix.
In this preliminary exploration, we will investigate the performance of the g diagnostic (eq. [4] ) in very small systems. The primary question is whether or not g behaves ''reasonably''.
Examples

Hydrogen atom
This one-electron system has the Fock operator
and its true orbital is exp(-r). To begin our exploration of the g diagnostic, we consider an HF calculation using the single basis function exp(-ar). The computed orbital will differ from the true orbital except, of course, when a = 1. The g diagnostic (eq. [4] ), using the Coulomb metric (eq.
and this is plotted, for 0 < a < 10, in Fig. 1 . As expected, g vanishes for a = 1 and grows almost linearly as a deviates from this optimal value. For a = 6, it turns out that j and Fj are exactly orthogonal, i.e., the angle between them is p/2.
Helium-like ions
These two-electron systems have the Fock operator
where Z is the nuclear charge. The true HF orbital is unknown, but if we approximate it by the Kellner orbital 7
½11
jðrÞ ¼ expðÀarÞ the HF energy is minimized by choosing a ¼ Z À 5=16. How satisfactory is this orbital? It can be shown that
where a ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi 1987=388800 p and b ¼ 623=720 and this is evaluated in Table 1 for Z = 1, . . ., 7. These results reveal that the Kellner orbital is a good approximation (g & 0.01) to the true orbital for large-Z ions, such as C 4+ and N 5+ , that it is reasonable (g & 0.05) for the He atom itself, but that it is very poor (g & 0.5) for the H -ion. This may be related to the difficulties that Cioslowski and others have encountered when seeking an accurate HF orbital for the hydride anion. 8, 9 Hookium atom This two-electron system 10,11 has the Fock operator
and its true HF orbital is unknown. However, neglecting the is very much better, provided that a and b are chosen carefully, and constructs two orbitals of this form, lying 4.5 and 0.6 mE h above the HF limit, respectively. The g diagnostic allows us to compare the quality of these orbitals, and though we have not been able to find g in closed form for eq. [15] the required integrals can be found by quadrature. The results shown in Table 2 reveal that the Gaussian (eq. [14] ) is a good approximation to the exact orbital but that the Ragot orbitals (eq. [15] ) are superior by one to two orders of magnitude. Table 3 lists g values for the orbitals in some small atoms and ions, using Jensen's pc-n basis sets. 13, 14 H and He + ions are one-electron species whose 1s orbitals are modeled well by the pc-n bases. It is not surprising that the He + orbital is slightly inferior to that of H, for the helium bases were designed to be optimal for the neutral atom, not the much more compact cation. Nevertheless, the triple-zeta pc-2 orbitals are good and the pc-3 and pc-4 orbitals are excellent.
Other small systems
The 2s orbitals (the LUMOs in these species) tell a very different story. In the H atom, the g values are appalling, and actually deteriorate as the basis set quality improves. This arises because, in the HF picture, the virtual orbitals of the H atom experience an exponentially decaying attractive potential and therefore describe essentially free electrons.
Of course, nuclear-centered Gaussian basis sets (e.g., augpc-n) cannot capture such behavior. The situation is better in He + because the virtual orbitals experience a Coulombic attractive potential and, consequently, approximate the standard hydrogenic orbitals. Although they are too diffuse to be modelled well by pc-0, pc-1, and pc-2, the higher aug-pc-n bases do a better job.
H -, He, and Li + are isoelectronic but it is clear that their pc-n 1s orbitals vary greatly in quality. While good orbitals are provided by pc-1 (for Li + ), and pc-2 (for He), a satisfactory orbital for the hydride ion is not obtained even with the septuple-zeta pc-4 basis. This arises because the second electron in H -is barely bound, and diffuse functions therefore play a crucial role in the basis. Accordingly, we find that the aug-pc-n orbital is consistently almost an order of magnitude better than its pc-n analog; indeed, even the lowly aug-pc-0 orbital exceeds the quality of the pc-4 orbital.
The last two lines in Table 3 pertain to the core and valence orbitals in the Be atom. We find that the 1s orbital is accurately modelled, even by the small pc-n bases, but that the 2s orbital is more challenging and benefits significantly from the addition of diffuse functions. It is surprising to find that, in passing from the pc-2 to the pc-3 basis set, the valence orbital improves dramatically but the core orbital actually becomes slightly worse. This anomaly is unaffected by the addition of diffuse functions.
Concluding remarks
It is impossible to assess the quality of an SCF calculation from its energy alone, and as a result, quantum chemists have traditionally been compeled to perform sequences of calculations, looking for signs of convergence as the basis set is systematically improved. In contrast, the g diagnostic (eq. [4] ) exploits the inequality (eq. [1] ) to provide a chemist with a direct measure of the quality of a computed orbital.
Using the Coulomb metric (eq. [6] ), it appears empirically Table 3 . g values for pc-n and aug-pc-n orbitals in small atoms and ions.
pc-n aug-pc-n In this preliminary work, we have computed g for singlecenter systems only. To facilitate the efficient calculation of g for the MOs in polyatomic molecules, the integrals in the Appendix must be generalized to the multicenter case. In large systems, straightforward evaluation of the hFjjFji integral becomes computationally costly, but techniques based on the resolution of the identity (RI) [15] [16] [17] or resolution of the Coulomb operator [18] [19] [20] should be helpful in this context.
In the case of Kohn-Sham orbitals, the inner products in eq. [4] involving Fj cannot be computed in closed form, and one must resort instead to quadrature. We will discuss this elsewhere.
In this brief paper, we have proposed a diagnostic to quantify orbital quality and have studied its performance on a few very small atoms and ions. We will implement this in the Q-Chem package 21 and will report molecular results elsewhere. We also plan to extend these ideas to a wave function diagnostic in the near future.
